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We provide extensive numerical and analytic evidence for the following conjecture: Any Hamiltonian exhibit-
ing finite temperature, easy-plane ferromagnetism (XY order) can be used to generate scalable spin squeezing,
and thus to perform quantum-enhanced sensing. Our conjecture is guided by a deep connection between the
quantum Fisher information of pure states and the spontaneous breaking of a continuous symmetry. We demon-
strate that spin-squeezing exhibits a phase diagram with a sharp transition between scalable squeezing and non-
squeezing. This transition coincides with the equilibrium phase boundary for XY order at a finite temperature.
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In the scalable squeezing phase, we predict a sensitivity scaling as N~ 10, between the standard quantum limit,

N ’%, and that achieved in all-to-all coupled easy-plane spin models, N~ 8. Our results provide fundamental
insight into the landscape of Hamiltonians that can be used to generate metrologically useful quantum states.

Quantum enhanced metrology makes use of many-body en-
tangled states to perform measurements with greater precision
than would be possible using only classically correlated parti-
cles [1-5]. Identifying states suitable for quantum metrology
is a delicate challenge: nearly all states in Hilbert space are
highly entangled, but almost none of them exhibit the struc-
tured entanglement required for enhanced sensing. Indeed,
only a handful of metrologically useful quantum states are
typically discussed, e.g. GHZ states [6—10], Dicke states [11—
15], and squeezed states [16-21]. Identifying universal princi-
ples for adding to this list remains an important challenge, es-
pecially in the context of efficiently preparing metrologically
useful states from un-entangled product states.

One such principle, which is particularly powerful, stems
from the observation that the quantum Fisher information
(QFI) for pure states is fundamentally connected to sponta-
neous symmetry breaking. On the one hand, the QFI char-
acterizes the maximum sensitivity of a given quantum state,
1), to a specific perturbation, O = > O; and simply re-
duces to the variance of O [22]. On the other hand, spon-
taneous symmetry breaking, with order parameter O, corre-
sponds to the existence of long-range connected correlations
and thus a variance which scales quadratically in system size.
This latter fact immediately implies that any pure quantum
state exhibiting long-range order can be utilized to perform
Heisenberg-limited sensing [23]. Combining these consider-
ations with the eigenstate thermalization hypothesis—which
asserts that generic quantum dynamics cause few-body ob-
servables to reach thermal equilibrium [24-26]—suggests a
broad and simple guiding principle for preparing metrologi-
cally useful states from product states: Identify a Hamiltonian,
H, exhibiting finite temperature order. Then, find an unentan-
gled state |¢)g) whose effective temperature is below T, and
time evolve.

The efficiency of this strategy depends crucially on the na-
ture of the symmetry being broken. For discrete symmetries,
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it takes an exponentially long time (in system size) to de-
velop a large QFI (see Methods). For continuous symmetries
however, a large QFI can develop significantly faster (i.e. in
polynomial time) [27, 28]. To this end, we apply the above
principle to the case of U(1) symmetry breaking and pro-
vide extensive numerical and analytic evidence for the fol-
lowing remarkable conjecture: Finite-temperature easy-plane
ferromagnetism (i.e. XY magnets) enables the preparation of
states with large QFI, specifically in the form of scalable spin
squeezing.

Our main results are threefold. First, we establish a phase
diagram for spin squeezing (Fig. 1), with a sharp transition
distinguishing scalable squeezing from non-squeezing. Sec-
ond, we argue that this transition occurs precisely when the
effective temperature of the initial state |1)y) equals the critical
temperature for continuous symmetry breaking (CSB) [29].
Finally, we show that the squeezing manifests a novel scal-
ing with system size—whose origin is extremely subtle—that

leads to a phase sensitivity ~ N '°, between the standard
1

quantum limit (~ N ?) and the Heisenberg limit (~ N~1).
Intriguingly, for parametrically long time-scales in the inverse
temperature of the initial state, we observe a sensitivity scaling
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as ~ N °, matching that achieved in all-to-all coupled easy-
plane spin models, i.e., so-called one-axis twisting (OAT)
models [16]. Our results are based on the assumption that
after a short initial period of time, the long-wavelength, low-
frequency properties of the system can be described by hy-
drodynamic equations involving the conserved z-component
of the spin-density and the orientation of the magnetization
in the z-y plane. While the form of these hydrodynamical
equations is fixed, their parameters depend on the microscopic
Hamiltonian; to this end, we utilize a variety of approximate
numerical methods to investigate both the squeezing dynam-
ics as well as the equilibrium phase diagram of a broad class
of easy-plane spin models.

Connecting squeezing to XY magnetism.—To investigate
our conjecture, let us consider the paradigmatic family of
U (1)-symmetric spin Hamiltonians: the long-range S = 1/2
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FIG. 1. (a) Schematic depicting the connection between spin squeez-
ing and XY ferromagnetic order. The central panel shows an ini-
tial product state polarized in the equatorial plane, with its quantum
projection noise (i.e. Wigner quasiprobability distribution) indicated
in red. When the effective temperature of the initial state is below
the critical temperature for U (1) symmetry breaking (right panel),
the system equilibrates to an XY ferromagnet and exhibits scalable
squeezing. When the initial state is above the critical temperature, the
system equilibrates to a paramagnet, where the total spin length van-
ishes, precluding spin squeezing (left panel). (b,c) Phase diagrams
for scalable spin squeezing as a function of the XXZ anisotropy, J,
and the interaction power-law, «, in dimensions d = 1, 2. The loca-
tion of the squeezing phase transition is computed via DTWA (purple
markers). In 1D, the location of the XY ordering transition is com-
puted via imaginary time evolution on matrix product states (blue
markers, dashed line guide to the eye), while in 2D, the transition is
computed via quantum Monte Carlo (blue markers, dashed line guide
to the eye). In both cases, the phase boundaries are in close agree-
ment. The gold dashed line in (b) corresponds to the phase bound-
ary computed analytically from spin-wave theory (see Methods). (d)
Phase diagram for scalable squeezing as a function J, for a nearest-
neighbor interacting system in dimension d = 3. For |.J| > 1, there
is Néel or Ising order (rather than CSB), so squeezing does not occur.
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where J, /J, characterizes the easy-plane anisotropy and «
is the long-range power law. This class of Hamiltonians is
the most natural and widely studied generalization of one-axis
twisting [30-36] and is also realized in a number of quan-
tum simulation platforms ranging from solid-state spins and
optical-lattice Hubbard models to ultracold polar molecules
and Rydberg atom arrays [27, 37-42]. While our conjecture
applies in all dimensions,we note that in d = 1, 2 [Fig. 1(b,c)]
finite-temperature continuous symmetry breaking is only pos-
sible for sufficiently long-range power laws whereas ind = 3
[Fig. 1(d)] it is possible even with nearest-neighbor interac-

tion [43-45]. To establish the connection between squeezing
and order we utilize a variety of numerical tools: the discrete
truncated Wigner approximation (DTWA) for spin-squeezing
dynamics, imaginary time evolution of matrix product states
for diagnosing U (1) symmetry breaking order in d = 1, and
path integral quantum Monte Carlo for diagnosing order in
d = 2,3 [46, 47]. In addition, whenever possible, our nu-
merical results are carefully benchmarked with a combination
of time-dependent variational Monte Carlo, Krylov subspace
methods, and exact diagonalization [48].

Let us begin in d = 1 with ferromagnetic XY interactions
(hereafter, we set J, = 1). For J, > 1, the Hamiltonian lies
in the easy-axis regime and can only exhibit discrete (Ising)
symmetry breaking; this immediately rules out the possibil-
ity of quantum-enhanced sensing at accessible time scales
[Fig. 1(b)]. For J, < 1, the system can exhibit continu-
ous symmetry breaking at finite temperatures provided that
a < 2. Consider the parameter space with weak power
laws and strong antiferromagnetic Ising interactions [pink,
Fig. 1(b)]. Taking our initial state as the fully polarized co-
herent spin state in the x direction, |z) = | — -+ —), we
evolve under Hxxz and measure both the average XY mag-
netization, my, = [(X2? +Y?) /N 2]1/2 and the squeezing
parameter £2 = N ming,  ; Var[n - 5]/(X)? (which entails
\/%); here, X = %ZZ of

(with Y and Z defined analogously) and § = (X,Y, 7). As
a function of increasing system size, the magnetization de-
cays to zero, indicating thermalization to a disordered state
[Fig. 2(a)]. Meanwhile, the squeezing parameter, which quan-
tifies the enhancement in sensitivity over the initial coherent
state, exhibits marginal improvement at short times. However,
this improvement does not scale with system size and at late
times, &2 steadily worsens [Fig. 2(a)].

The dynamics in the opposite parameter space [blue,
Fig. 1(b)], with strong power laws and weak antiferromagnetic
Ising interactions is markedly distinct. Here, the XY mag-
netization rapidly equilibrates to a system-size-independent
value (i.e. the order parameter), indicating robust continu-
ous symmetry breaking [Fig. 2(b)]. Accompanying the pres-
ence of order is the existence of scalable spin squeezing,
where the optimal squeezing value improves with system size
(i.e. §§pt ~ N7" with v > 0) and occurs at later and later
times [Fig. 2(b)]. This is precisely reminiscent of the behav-
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ior in the one-axis-twisting model, where Ept ~N ?.

The essence of our conjecture is already captured by the
above dichotomy: thermalizing to a disordered state corre-
lates with non-squeezing, while thermalizing to an ordered
state correlates with scalable squeezing. But our conjecture is
stronger than claiming an association between squeezing and
finite-temperature order; rather, we argue that they are two
facets of the same phase. To more quantitatively investigate
this, for each point in parameter space, {«, J,}, we extract
the optimal squeezing and the late-time XY magnetization as
a function of system size (see Methods for details). Depicted
in Figure 2(c), is a cut across parameter space, fixing o = 1.5
and varying .J,. For large, negative .J,, the XY magnetization
plateau vanishes with increasing system size. As .J, becomes

a phase sensitivity of A¢ =
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FIG. 2. (a,b) Depicts the dynamics (d = 1) of the squeezing parameter {2 (blue) and the XY order, myy (red), as a function of time, upon
quenching from an initial product state polarized in the & direction. Opacity increases with system size (from N = 10% — 10%). In the
paramagnetic phase (a), mxy decays to zero, while the squeezing parameter does not improve with system size. In the ferromagnetic phase
(b), mxy plateaus to a finite value, and the squeezing parameter scales with system size. (d,e) and (g,h) Depict the analogous dynamics for
d = 2 and d = 3, with system sizes N = 10> — 10* and N = 10 — 10°. (c) Fixing o = 1.5 in d = 1, the optimal squeezing parameter
(blue) and the plateau value of the XY order (red) are shown as a function of J,. Darker color shades correspond to larger system sizes (with
N = 5-10% — 5 - 10%). In the paramagnetic phase (large .J. magnitude), the XY order decays with increasing system size, while in the
ferromagnetic phase the XY order is independent of system size, indicating a phase transition at J. ~ —2.4. The behavior of the optimal
squeezing exhibits a separatrix at the same value of J., where it transitions from being system-size independent to scaling with N. (f) and (i)
Depict analogous J-cuts in the phase diagrams for d = 2 fixing o = 3.0 (with N = 5-10% — 5-10*) and d = 3 (with N = 2 - 10* — 10°).

Calculations were performed using the DTWA approximation.

weaker and enters the ferromagnetic regime, there is a clear
separatrix — indicative of a symmetry-breaking phase transi-
tion — where the value of the magnetization plateau becomes
system-size independent. Remarkably, the scaling behavior
of the optimal squeezing is in perfect correspondence with the
magnetization. In the region where the magnetization van-
ishes, the squeezing does not scale. In the opposite regime,
the optimal squeezing exhibits its own separatrix and shows a
pronounced scaling with system size.

This change in scaling provides a simple method to deter-
mine the location of the squeezing transition: for each value
of J,, we fit §§pt ~ N7™% and associate the critical point, J,
with the onset of v 2 0 (see Methods for details). Repeat-

ing this procedure as a function of « leads to the squeezing
phase boundary demarcated by the purple data points in Fig-
ure 1(b). Similarly, one can also define a U(1) symmetry-
breaking phase boundary, which occurs when the effective
temperature of the initial state, |x), crosses the critical tem-
perature for XY order. To identify this phase boundary, we
cool an infinite temperature (purified) matrix product state to
the energy density of the |z)-state using imaginary time evo-
lution under Hxxz. A finite-size scaling analysis then yields
the XY-ordering phase boundary demarcated by the blue data
points in Figure 1(b). That the squeezing and ordering phase
boundaries coincide within error bars not only provides ev-
idence for our conjecture but also shows that the DTWA is



remarkably accurate in the region of the transition [49].

A few additional remarks are in order. First, one can analyt-
ically estimate the CSB phase boundary within spin-wave the-
ory [dashed gold line, Fig. 1(b)]. A particularly nice feature
of this analysis is that it predicts the observed behavior, where
J. approaches the Heisenberg point as a — 2 (beyond which
there is no finite temperature order). Second, we demonstrate
precisely the same correspondence between squeezing and or-
der in d = 2 [Fig. 2(d-f)] and in d = 3 [Fig. 2(g-i)] (see
Methods). Interestingly, the topology of the squeezing phase
diagram in d = 2 is slightly distinct — in particular, even
as @ — 4 (beyond which there is no finite temperature or-
der), J. does not approach the Heisenberg point, so there re-
mains a finite interval —1 < J, < 1 where scalable squeez-
ing occurs. Third, in d = 1, 2, scalable squeezing disappears
as J, decreases because the temperature of the initial |x)-
state becomes higher than the critical temperature; however, in
d = 3, atleast for the nearest-neighbor model we consider, the
squeezing disappears for J, < —1, because the continuous-
symmetry-breaking XY ferromagnet is replaced by discrete-
symmetry-breaking Néel order.

Finally, a semiclassical view of the dynamics provides the
essential intuition for the connection between squeezing and
order. In this framework, the initial state |z) is viewed as a
Wigner quasi-probability distribution on the total-spin phase
space, represented by a sphere of radius |S| = N/2 [middle,
Fig. 1(a)]. In the all-to-all coupled case (o« — 0), one-axis
twisting dynamics yield squeezing by causing slices from this
distribution to rotate about the Z-axis with an angular velocity
proportional to total Z = %ZZ of. Our key insight is that
even in the power-law coupled case with o > d, or the short-
ranged case with d > 3, a similar picture should hold as long
as the state remains ordered. Specifically, if the effective tem-
perature of |z) is below the equilibrium CSB critical temper-
ature, then mfy > 0 [Fig 2(b,e,h)] and the initial Wigner dis-
tribution will simply relax, on a microscopic timescale inde-
pendent of N, to a slightly distorted distribution on a smaller
phase space of radius my, N [Fig 1(a), right]. This “dressed”
distribution will then evolve qualitatively similarly to the all-
to-all coupled case.

Scalable squeezing in the XY magnet—Based upon the
semi-classical intuition from above, one might naively expect
that squeezing in the finite-temperature XY magnet should ex-
hibit the same scaling as in one-axis twisting. However, this
is oversimplified. Perhaps the easiest way to see this is to
consider the conditional variance of Y given Z, denoted as
Var[Y'|Z], within the semi-classical approximation. As illus-
trated in Fig. 3(a), for one-axis twisting, Var[Y|Z] is a con-
stant of motion: each Z-slice of the probability distribution
rotates rigidly about the sphere. But in a system that does not
conserve total spin, e.g. Hxxz, the conditional variance will
increase as a function of time [Fig. 3(a)]; indeed, a simple hy-
drodynamic model suggests that Y|Z evolves diffusively, so
Var[Y'|Z] grows linearly in time with a slope that depends
strongly on temperature (see Methods). To understand the
impact of this variance growth, we note that (within a semi-

classical picture) :

(xt)*
24m)2WN2 '

9 NVar[Y|Z]/N
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where x is the effective one-axis twisting strength, related
to the z-axis spin susceptibility (see Methods and [16, 28]).
When the conditional variance remains constant (i.e. one-axis

_2
twisting), optimizing over ¢t yields ¢ ~ N * (leading to a
_5
phase sensitivity ~ N °). However, linear growth of the con-
_2
ditional variance predicts instead that £ ~ N ° (leading to
7

a phase sensitivity ~ N %),

At low temperatures, the slope of the variance growth is
small, suggesting that the asymptotic scaling behavior will
only be observed at extremely large system sizes. To control
the temperature, we introduce an additional tuning parameter
(which is particularly relevant to experiments [27]): the po-
larization of the initial state. For polarization p, we initialize
a product state, where each spin points along +x with prob-
ability (1 + p)/2 and along —z with probability (1 — p)/2.
This polarization tunes the effective temperature of the initial
state. At low temperatures (p ~ 1), the squeezing appears

2

3

to scale as ~ N ° [Fig. 3(b,c)]. At intermediate tempera-
2

5

tures near the transition, the squeezing scales as ~ N ° over
multiple decades in system size [Fig. 3(b,c)]. As soon as the
polarization tunes the temperature above T, a “gap” emerges
in the scaling behavior and £2 becomes independent of system
sizeQ[Fig. 3(b,c)]. We note that the low-temperature scaling of

N ? isnot expected to hold as NV — oo; rather, as shown in
Fig. 3(d), the scaling will eventually cross over to the asymp-
2

totic behavior of N °.

Although our semi-classical analysis provides a coarse-
grained explanation for the difference between the scaling
of the squeezing in all-to-all versus finite-range interacting
systems, the microscopic dynamics are fundamentally quan-
tum mechanical. This raises the question: is the asymptotic
squeezing scaling also modified in the true quantum dynam-
ics?

To answer this, we begin by developing a quantum inter-
pretation of Var[Y'|Z]. Intuitively, Var[Y'| Z] can also be com-
puted as the remaining variance of Y after one has counter-
rotated each Z-slice of the probability distribution back to its
original mean. Crucially, both semi-classically and quantum
mechanically, this counter-rotation can be realized by evolv-
ing the system under one-axis twisting. From this perspec-
tive, the quantum analog of Var[Y'|Z] is closely connected to
a Loschmidt echo of the form:

Vary[Y]Z] = (x] eitlioa—x51 y2 o—itlixxa—x 5] |7y |

3)
Since the thermalization induced by the XXZ-dynamics can-
not be perfectly undone by one-axis twisting, Vary[Y|Z]
will grow in time until saturating at its equilibrium value of
mny 2/2. In Fig. 3(e), we illustrate the variance growth for
a 1D system at « = 1.5,J, = 0 and find that (at least in
this parameter regime), Varq[Y'|Z] for N = 18 indeed agrees
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FIG. 3. (a) Schematic illustrating the dynamics of the conditional variance in the OAT model (green) and the XXZ model (purple) at finite
temperature. In the OAT model, Var[Y'| Z] remains constant, while in the XXZ model, the conditional variance exhibits an additional linear
growth in time. (b) DTWA simulations depicting the optimal squeezing as a function of system size. The polarization of the initial state
decreases from p = 1.0 (blue) to p = 0.7 (red); this tunes the effective temperature of the initial state across the critical temperature for XY
order. As the polarization decreases, the scaling changes sharply from N ~2/° to N°. At lower effective temperatures (p A~ 1), the asymptotic
N—2/5 scaling emerges only for larger system sizes. (c) Depicts the analogous results for d = 2 where the polarization ranges from p = 1.0
(blue) to p = 0.6 (red). (d) Shows a crossover in the scaling behavior for d = 1 with polarization p = 0.9. At small system sizes, the
squeezing scales as [NV ~2/3 consistent with OAT. However, at larger system sizes, the scaling crosses over to the asymptotic prediction of
N~—2/5, (e) In the squeezing phase (o« = 1.5,J, = 0), both semi-classical DTWA simulations (for N = 1000, 2000, 4000 with Z = 0)
and exact quantum dynamics (/N = 18) show the conditional variance growing linearly in time. Their quantitative agreement lends support
to the quantum-mechanical origin of the variance growth. (f) Diamonds depict the spectrum of Hxxz at & = 1.5, J. = 0 for N = 24. The
eigenstates in different m-sectors are connected by total-spin raising and lowering operators. The ground state manifold exhibits a so-called
“Anderson tower” structure where the energies scale as £ ~ m? /N [50]. At finite temperatures, this manifold becomes a distribution with an
approximate “Anderson tower” structure: The set of states that are connected to a given initial finite-energy state upon successive applications
of the total-spin raising or lowering operator will have a distribution of energies, which is illustrated here for three initial states with m = 0
but differing energies Ey. The dashed lines, which indicate the mean values of the distributions, exhibit the same scaling, & — Ey ~ m? /N,
but the variance (shaded region) increases with Ey .

extremely well with the semi-classical conditional variance in Outlook.—Our work opens the door to a number of in-

the thermodynamic limit [Fig. 3(e)].

Interestingly, a complementary picture for the behavior of
Vary[Y'| Z] emerges from the spectral structure of Hxxz. The
ground states of adjacent magnetization sectors of Hxxz are
connected by the total spin raising and lower operator. Taken
together, they form a so-called “Anderson tower” with en-
ergies scaling as E ~ m? /N [Fig. 3(f)]. In the one-axis-
twisting model, squeezing arises from the fact that the entire
spectrum exhibits this “Anderson tower” structure. By con-
trast, at finite energy densities, the spectrum of Hxxy features
only approximate “Anderson towers”: the raising and low-
ering operator connect a given eigenstate in an m-sector to
several others in adjacent sectors, leading to a distribution of
energies [Fig. 3(f)]. Itis precisely the variance of this distribu-
tion which drives thermalization in the XXZ model, and thus
the growth of Vary[Y'|Z].

triguing directions. First, while we have established the pres-
ence of a phase transition between scalable squeezing and
non-squeezing, the nature of this transition remains an open
question. In particular, whether the transition can be ana-
lyzed within the same equilibrium paradigm as the CSB tran-
sition, or whether it should be described as a non-equilibrium
transition associated with the dynamics is unclear. Second,
our framework connecting the quantum Fisher information
of pure states to spontaneous symmetry breaking suggests a
new strategy for finding (and preparing) metrologically useful
states. However, the ability to prepare a state with large QFI
does not immediately imply that one can straightforwardly
utilize it for sensing; indeed, in the most general case, it is
necessary to time-reverse the dynamics, in order to extract the
metrological signal [51-53]. In the case of U(1) symmetry
breaking, the emergence of squeezing does guarantee a sim-



ple way to harness the metrological gain [17]. It is intriguing
to ask whether this fortuitous circumstance holds in general.
Relatedly, it would be interesting to explore the breaking of
non-Abelian continuous symmetries, where one might natu-
rally be sensitive to perturbations beyond scalar fields. Fi-
nally, our work implies that scalable squeezing can be realized
in a variety of quantum simulation platforms with dipolar in-
teractions [27, 37, 40, 41, 54, 55]. For example, ultracold
polar molecules in an optical lattice as well as Rydberg atoms
in a tweezer array can both implement the two-dimensional
dipolar XY model, which is deep in the scalable squeezing
phase. The discovery of optically-active spin defects in 2D
quantum materials [42, 56, 57] as well as advances in delta-
doped crystal growth [58, 59] also suggest a route toward spin
squeezing in the solid state; in this setting, the robustness of
easy-plane ferromagnetism to the positional disorder of the
underlying spin defects is crucial.
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Methods and Extended Data for “A Universal Theory of Spin Squeezing”

ORDER AND METROLOGY

As discussed in the main text, there is a simple connection between symmetry breaking order and QFI in pure states, since
the variance of the order parameter is nothing but a double sum (or integral) of the two-site correlation function. The particular
relationship between possible forms of the correlation function and the resulting QFI and sensitivity are summarized in Table I.

Despite the simplicity of the relation between order and QFI, it is somewhat subtle to understand its implications for the
metrological utility of states obtained from thermalizing quenches. Most importantly, since we are interested in systems that
feature symmetry breaking order, one must recall that thermalization only occurs within symmetry sectors (no population is
transferred between symmetry sectors). Therefore we think about the dynamics as ocurring in two steps: first, at a short
timescale the system undergoes local thermalization so that few-body operators that do not connect symmetry sectors reach their
equilibrium value; second, over a longer time scale, few-body operators that do connect symmetry sectors continue to evolve.
The crucial point is that the latter timescale is governed by the typical energy splitting between symmetry sectors, which is
exponentially small even in the ground state for systems with discrete symmetry [1]. It is the slow evolution of observables
connecting symmetry sectors that yields large QFI, so systems with discrete symmetry breaking will take an exponentially long
time to evolve into a state with QFI indicated by Table. I. For continuous symmetries, the gaps between symmetry sectors can be
parametrically larger (e.g. ~ 1/N in the U(1) case), so large QFI can be generated at times scaling only polynomially in N. We
note that this connection between QFI and order may also be exploited by breaking the symmetry explicitly with a small field,
as shown in [2].

’Asymptotic Correlation Function ‘ QFI Scaling ‘ Sensitivity Scaling

~ e~ lT=ul/g N Tlﬁ
p>d N T

~ | d-l<p<d | Nl e
p<d—1 N? +

TABLE I. Relation between order, QFI and sensitivity in the case of short range, quasi long-range order, and true long-range order. See also

13].

EXTRACTING THE SQUEEZING PHASE DIAGRAM

According to our analysis, the non- squeezing and scalable squeezing phases should be distinguished by a sudden change of
the exponent v from 0 to 2/5, where v is defined by the large IV behavior of the optimum squeezing, fgpt ~ N7". However,
two types of finite-size effects make it difficult to observe this directly in numerics.

The first challenge is that the system always undergoes some non-scalable squeezing at short times [4, 5]. In a regime of
modest easy-axis coupling and small system sizes, this early time minimum can actually be quantitatively better than the late
time minimum that scales with system size. To properly evaluate the squeezing transition, we need to isolate the late-time,
scalable squeezing. To this end, we introduce a more nuanced definition of optimal squeezing, §§pt, as the smallest value of
£2(t) at a local minima in the derivative %5 2(t) after the local thermalization time. In the squeezing phase, this definition
coincides with the true minimum of £2(¢). In the non-squeezing phase, no features of ¢2(t) scale with system size so v = 0
regardless of the criteria for selecting a representative squeezing value. Thus, our definition only impacts the observed scaling
near the critical point, where it serves to mitigate the influence of the aforementioned early-time squeezing on the analysis.

The second significant finite-size effect is that the linear growth of Var[Y'|Z] may not affect the squeezing scaling until one
examines very large system sizes (which achieve optimal squeezing at very late times). In more detail, the slope of Var[Y'| Z] (in
units of its early time value) decreases with effective temperature (in units of the local energy scale). For J, 2 0, the effective
temperature of |z) is so low that one may not see N~2/5 scaling until system sizes of millions or tens of millions of spins.
Hence, to observe v = 2/5 in numerics we resort to tuning the temperature without changing the local energy scale, by altering
the polarization of the initial state [Fig. 3(b,c)]. By contrast, if one increases the temperature by tuning J,, the local energy scale
will simultaneously increase, maintaining the system-size threshold for observing N ~2/5 scaling at numerically inaccessible
system sizes.
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We emphasize that, assuming the validity of our semiclassical model, the squeezing will scale as N ~2/ for sufficiently large
systems, since we do see linear growth of Var[Y'|Z] and its quantum analog [Fig. 3(e)]. It is just not apparent at the system sizes
we are able to simulate. Therefore, it is not appropriate to look for v = 2/5 exactly as a signature of the phase transition. Indeed,
in our DTWA numerics to study the transition as a function of J, in d = 1,2 from N = [120...10379], L = [11...102], starting
from the fully polarized |z) state, we essentially always see v = 2/3 in the squeezing phase.

The above effects make it difficult to propose a definitive scaling function for v that one could use perform standard finite-size
scaling. In lieu of this, we simply identify the critical point as J, value at which v becomes significantly greater than 0. More
specifically, we fit v(.J,) to a piecewise function that consists of a flat “floor” and “ceiling” connected by a linear ramp. Ind = 1,
we estimate of J, as the center of the ramp, and take the width of the ramp as an estimate of the error. In d = 2, we estimate J,.
as the onset of the ramp, and again use the width of the ramp as an estimate of the error. These slightly different definitions of
J. are justified by the very strong effect of long-range interactions in d = 1, which cause v to trend to 0 very slowly with system
size in the disordered phase.

In d = 3, v jumps discontinuously from ~ 0 at J, = —1.0to =~ 0.45 at J, = —0.9, so the squeezing critical point clearly lies
in this interval (according to our conjecture, it should be exactly J, = —1.0).

FINITE-TEMPERATURE ORDER PHASE DIAGRAM

Numerical methods

Ind = 1, for each {a, J, }, we perform imaginary time evolution to cool an infinite temperature (purified) matrix product state
to the effective temperature of |x) [6]. We then determine 1. (¢, J,) from the resulting density matrix and perform a finite size
scaling analysis extract the critical Ising coupling strength, shown in Fig. 1(b). In d = 2, the problem is more challenging and we
rely on quantum Monte Carlo with worm-type updates [7]. Since it is not possible to cool directly to the effective temperature
of |x), we undertake a three parameter search over {«, J., 8} (where 8 is inverse temperature) to determine when the energy
density at the critical temperature equals that of |z), yielding the the critical points in Fig. 1(c). See the supplementary material
[4] for more details on these numerics in both d = 1, 2.

Analytic methods

In addition to these numerical approaches, we develop an analytic approximation for the finite-temperature symmetry breaking
transition. The key issue we wish to resolve analytically is whether order, at the effective temperature of the coherent-spin state
(CSS) |z), requires o < 2 for J, < 1 (as opposed to persisting at « = 2). To this end, we focus on the vicinity of o < 2d,
J, < 1 where the system can be modeled as Bose gas, based on previous work in Refs. [8, 9], which were in turn motivated by
the exact solution of the Haldane—Shastry spin chain [10, 11]. The key physical intution is that the ground state manifold of the
model with SU(2) symmetry contains |z), and with weak anisotropy, 0 < § = 1 — J, << 1, this state remains at a low effective

temperature so the relevant equilibrium states are still well described as Gaussian states with few excitations.

Holstein—Primakoff bosonization: using z-vacuum

We perform a Holstein—Primakoff bosonization of the model, assuming the fully polarized state along z-axis as the vacuum
and making a large-.S approximation:

S = (25 = blb) /2 b;

ST =bl(25 —blb)'/?, (1)
S7=S8—blb;,

where 1/25 — b}bi = /25 (1 — ébg b; + O(1/ S)) This approach may seem surprising, however we observe that it is nec-

essary to choose a vacuum that respects U(1) symmetry in order to capture the ordering transition. Consequently, the vacuum
has finite energy density except at the spin-isotropic point, where it is a member of the degenerate ground state manifold. The
applicability of this theory away from this point is nontrivial: however, as we shall see, the primary effect of anisotropy is to
introduce an energy offset between symmetry sectors, and it does not affect the single-particle dynamics at leading order.



Fourier transforming via b;r = \/% >q et b:fl and defining 77(q) = >_, |r|~e'@™, the power-law XXZ Hamiltonian is
represented in momentum space as
H=25H9 +SH® 4+ H® 1 0(1/5) ,
H© = constant ,

H® = "blbg(w(g) — on(0)) , w(q) =n(0) —n(q),
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As ¢ is a momentum eigenvalue, 77(q) = n(—q) = n(q)*; so n(q) is real. We proceed following a standard treatment by
minimizing the free energy in the variational manifold of Gaussian states of the form [{ng}) = [],(nq!)™*/2(b})" |Pyu),
9(H) |

Ong

q
keeping only terms up to O(1/S). The minimization depends only on the effective single particle dispersion £(q) =

n 14 >
and quite generally obtains the Bose-Einstein distribution [12]. In the disordered phase this results in the self—consistgngy

condition
1
M=3 n(a)=)_ ec@-m/T _1° ®
q q

We emphasize that Eq. (3) only counts particles in excited modes due to the vanishing density of states at ¢ = 0. Therefore,
while the variational states have fixed particle number M we are able to treat the problem in the grand canonical ensemble
by allowing the Bose-Einstein condensate to act as a source of particles, whose average is set by p. Above 7T, one can self-
consistently determine ;¢ < 0, and we identify 7. as the temperature satisfying Eq. (3) with ;1 = 0, where exactly M particles
are extracted from the condensate into excited modes.

To determine €(q) explicitly, we apply Wick’s theorem and Eq. (3) to find

(1) =) (~gvs2a. -5 (s - L)) i) (- M )t

1
2N

n(q) Y n(q)(Jnlg—q) —n(q)) . “)

q qa'#aq

From Eq. (4), we can gain further insight into the validity of our approximation away from the Heisenberg point. Specifically,
while the anisotropy ¢ contributes an M -dependent offset leading to a unique ground state sector with M = SN, it does not
directly modify the quadratic terms. While |x) superposes particle number sectors, the fluctuations are small and we work in
the sector M = (M) = SN. This renders the leading order effect of the anisotropy irrelevant. Moreover, for small anisotropy,
which perturbs |x) away from the ground-state manifold, interactions are suppressed, as for low temperature only very low
momentum modes have significant occupation. The quartic term is then suppressed by the width of the momentum distribution

n(q).

Condensation and effective initial temperatures

Based on the above, as an approximation, we discard the interaction term, making H diagonal in q. Now there is no remaining
g-dependent term involving anisotropy, so this result is the same as that of Refs. [8, 9] for the SU(2) model.
To leading order, the estimate of the critical temperature is

xS ( mSe —1) )a_l, d=1,
o] T@eos(F) \PEEIGE)) v
l—a 2g S (o — i
) )(22< 3))) L d=2.

1(5)%sin(%) \T(H)(E

In d = 1 the leading behavior as &« — 2 from below is T, ~ §52(2—a). In d = 2 the critical temperature jumps discontinuously
at o« = 4, from lim,_4 T, = %2 to 0, as required by rigorous bounds [13].



Using the same picture of the low-energy thermodynamics allows to compute the effective temperature 7}, of the CSS initial
state. Its energy is exactly Ecss = —%n(O), which turns out to be (as N — 00) the lowest variational energy for M =
SN = % Given the ground state energy density, we can compute the excitation energy per site of the CSS and relate this to its
temperature in the Bose gas. To leading order

TS (e = 1DE(, 1)\ °
- ) d=1 ’
2D (av) cos (%) )
Tp = 2 a2 (6)
21-ar2g [ 2m(a—2)(a, J,) | © d=9
T(5)?sin(%) P(E5)0(E%) ’ ’
where & («, J,) is the energy density of the CSS in the thermodynamic limit.

To determine &(«, J,), we extrapolate results from DMRG on periodic systems of length N = 64, 96, 128 using ITensor
[14]. This provides an unbiased estimate accounting for all quantum fluctuations, at the cost of only being able to compute
Ty for specific points in the parameter space. To estimate the critical J.(«) such that Ty = T, more precisely, we we use a
simple polynomial fit of £(«, J.). The resulting phase boundary is shown in gold in Fig. 1(b) of the main text, and shows good

agreement with the boundary obtained from MPS numerics, especially as J, — 1 where this approximation should be most
accurate.

Q=

DERIVATION OF THE SQUEEZING PARAMETER VIA SEMI-CLASSICAL APPROACH

As discussed in the main text, spin-squeezing dynamics are well described by a semi-classical picture that approximates the
quasiprobability distribution as a true probability distribution evolving on the global Bloch sphere. Here, we present an analytical
calculation of the optimal squeezing based on this picture. In particular, we derive Eq. (2) of the main text.

The expression of the spin squeezing parameter ¢2 consists of the mean spin length (X) and the minimum variance
ming, | z Var[fn - S] in the y-z plane. The latter is of course the smallest eigenvalue of Y, Z covariance matrix,

(2% (27) o
(Yz) (v2) )"
Therefore, to calculate the squeezing we only need to evaluate the observables (X ), (Z2), (Y2) and (ZY) = (Y Z).
Since Z is a conserved quantity, we can consider the evolution of each Z-slice of the probability distribution separately.

The population within each slice is conserved and determined by the initial binomial distribution of Z, which can be well
approximated by a Gaussian distribution in the thermodynamic limit. That is,

2 2
The dynamics in each Z-slice are then described by a rotation with a angular velocity of QZTX given as the follows:
27 xt
X|Z = Nmyycos (ﬁ) , o
27 xt
Y|Z = Nmyysin | —=— | .
| My Sin ( ~ )
Therefore, all the terms in £2 can be evaluated as
27t xt)2
(X) = / Nmyycos (]\;‘) P(2)dZ = Nmyye™ 5%
N
(Z?) = /ZQP(Z)dZ =7
27 xt 1 2
(ZY) = (YZ) = /ZNmesin (]\;‘) P(2)dZ = 5Nmyxt o IR (10)
. 27 xt
(Y?) = Var[Y'|Z] + /N2m§ysm2 (N) P(2)dZ

_2(xn)?

1
= Var[Y|Z] + §N2miy[1 —e N



Plugging the above last three lines into Eq. 7, we obtain the minimum variance in the y-z plane as

1 N 1 )2
gllig\/ar[ﬁ -S] = 3 {Var[YZ] + vy + §N2m)2(y[1 e ]}

N 1
{Var[Y|Z] - —+=N?m

_2(xt)? xt)?

2
1l—e ™ W~ ]} + N?mZ x*tPe™ N

1/2 (11)
2 [ ]
4 2 xy

Scalable squeezing occurs at later and later times as IV increases, but occurs before the quantum Fisher information reaches
maximum at ~ /N [15]. Hence we consider the following limit

¢
Yt — 00, X, (12)

VN

and expand the minimum variance in series

. . N | Var[Y|Z]/N = (xt)* 1 Xt 4
%nig\/ar[n S| = vy { w2, (xt)? + onvz + o T0E +0 (ﬁ) . (13)
We note the mean spin length is simply constant in this limit:
(X)? = N?m2 {1 +0 {(Xt )2] } (14)
Y VN

Combining the above, we obtain Eq. (2) in the main text.
Let us finally remark that the time dependence of the conditional variance Var[Y'|Z] fully determines the scaling behavior of
Eopt and oy as a function of N. In particular, if Var[Y'|Z] o< N(xt)” (with 0 < v < 2), by minimizing Eq. (2) we expect

bopt X N72¥55 |t o Noo7 . (15)

HYDRODYNAMIC MODEL FOR THE LINEAR GROWTH OF CONDITIONAL VARIANCE

The linear growth of Var[Y'| Z] in generic squeezing dynamics is the essential difference from the (integrable) one-axis twising
case. Here, we provide an analytical calculation, based on a hydrodynamic description of spontaneous symmetry breaking, that
predicts this linear growth. Our main assumption is that after a relatively short time (of order 1/.J), the system achieves local
thermal equilibrium and the subsequent dynamics of coarse-grained variables can be described by hydrodynamic equations.

The hydrodynamic description focuses on two coarse-grained variables that evolve only slowly in time at long wavelengths,
the z-component of the magnetization density, denoted m(r) (the U(1) charge), and an angle ¢(r) describing the orientation
of the magnetization in the x-y plane. The magnitude of the in-plane component, My, is assumed to have relaxed rapidly to a
value determined by the temperature 7", which we take to be uniform in space. The phase ¢ will vary slowly at long wavelengths
because the restoring force vanishes for long wavelength fluctuations, and m varies slowly because it is a conserved quantity. A
hydrodynamic description should apply for sufficiently long wavelengths at any non-zero temperature, regardless of whether the
underlying microscopic system obeys classical or quantum dynamics.

Integrating the partition function over short range fluctuations in m and ¢, and over all other variables in the problem, we may
define a free energy functional, which we assume to take the form

Flm,¢] = /ddr (xm(r)® + ugm(r)t + )+ /ddrlddrgj(rl —13) {cos[p(r1) — B(r2)]}, (16)

where J(r) ~ (J ./ 2)mZ, r~ for large separations r. The hydrodynamic equations of motion take the form

09 _ GF _GF
ot Tom 6o
om  OF
Fod s

(ng(t,1)) = (ny(t,r)) =0,
(ne(t,t)ne(t',x"))y = 2I'T5(t — t')d(r — 1'),
M (t,0) e (8, 1)) = 2ATS(t — )6 (r — 1),

+ n¢(t7 I‘),

F
+ V2 [Aa + N (2, r)} ,

om (17)



where 74 and 7),,, originate from the thermal fluctuations.In this framework, Var[Y'| Z] corresponds to m2, N*Var[®|Z], where

[ direp(r)
=" 18
- (18)
is the phase averaged over the entire system, given fixed total magnetization along z-axis,
/m(r) dir = Z. (19)

The coefficient g in the hydrodynamic equations is determined by the commutator of m and ¢. In the present problem, g = 1.
Our hydrodynamic equations are a generalization to the case of long-range spin interactions of the hydrodynamic equations that
are commonly used for an XY magnet with short-range interactions in two or more dimensions. [16, 17]. It is expected that these
equations should be valid at any temperature in the broken symmetry phase at sufficiently long wave lengths. The hydrodynamic
equations are also believed to be valid in the low-temperature phase of the two-dimensional system with short range forces,
where there is no true broken symmetry but only quasi-long-range order of the x-y magnetization. We do not have a rigorous
derivation of these equations starting from the microscopic Hamiltonian, but one can at least perform some consistency checks.
For example, one can confirm that non-linear coupling to thermally excited long-wavelength spin fluctuations does not lead to
a divergence of the coefficient I'. We note that the equations of motion conserve the value of M, and they are consistent with a
time-independent thermal distribution of the form P[m, ¢] = Z~ e~ Flmol/T

For small fluctuations about the equilibrium state, where m = 0 and ¢ is independent of space, one can solve the dynamics of
Eq. (17) by performing a Fourier transform. This leads to the following equations of motion in momentum space

dx

T 2gxmyk — T Ki ok + ¢ x (t) (20)

dm
Ttk = _gKk¢k — k‘szka + nm,k(t)L @D

where K is related to Ji, the Fourier transform of J , by
K = 2(Jo — Ji). (22)
The noise terms satisfy

(o)) = 220 —1), (ki) = X800 1) 3)

For small wave vectors, one finds Ky ~ Kk  where the coefficient K is proportional to J Lmiy. Then, for k& # 0, the
equations of motion lead to propagating spin waves, with frequency wi ~ (2¢%xKy)'/?
LKy + 2Axk>.

Crucially, the £ = 0 mode is different from the other modes. The first term in Eq. (20) just gives a constant precession rate,
2Zx/N due to fixed total magnetization, and the second term also vanishes for o > d. The equation of motion for ® then reads

and a damping rate proportional to

do

= = (D), (24)

which is the stochastic equation for a random walk Thus

Var[®(t)|Z] = Var[®(0)] + %t (25)
This proves the linear growth of Var[Y'|Z] = N?mZ2, Var[®(t)| Z].

Two remarks are in order. First, the linear growth rate vanishes when temperature 7' — 0, suggesting that such effect is
very weak for the quench dynamics from a low-temperature initial state. This explains why our proposed scaling behavior of
squeezing is hard to observe at low temperature. We note that the linear growth rate will probably vanish faster then T" at low
temperature, since the noise strength I' can also depend on temperature and vanish itself when T' — 0. Second, the behavior of
the non-zero momentum modes (k # 0) is qualitatively different from the zero-momentum mode: due to the non-zero restoring
force, Var[¢y (t)] cannot increase to infinity and will instead saturate to a temperature-dependent equilibrium value. This effect
manifests as the evolution towards local equilibration in the quench dynamics.



We remark that the analysis described above is restricted to the case where the z-component of the total magnetization is
confined to a small interval about Z = 0. At finite value of Z/N, the hydrodynamic description must take into account
fluctuations in energy density, which gives rise to an additional slow mode due to energy conservation. Energy fluctuations
couple linearly to the spin modes for Z/N # 0, and this coupling can have significant effects. Because the initial state is a
superposition of states with different energies, and these energies persist to infinite times, we expect that in the large N limit,
the quantity Var[®(¢)] should grow as t2/N for large t. This reflects the fact that systems with slightly different total energies
will have slightly different values of the parameter y. For a state where Z/N is of order N~'/2, however, the quantity Var[®(t)]
should grow as t2 /N2 for large ¢, which is too small to affect the squeezing behavior.

EXTRACTION OF THE EFFECTIVE ONE-AXIS-TWISTING STRENGTH

To compute the quantum analog of the conditional variance Varq[Y|Z] from the Loschmidt echo (Eq. 3 of the main text), we
need to determine the effective OAT strength . Semiclassically, x is defined so that different m-sectors are rotated back to their
original positions. Quantum mechanically, this corresponds to cancelling the relative phase accumulation between two adjacent
m-sectors, i.e. we require:

(m + 1|eit(xxz—x50) ¥ gmit(Hxxa=x50) |y = 0, 26)
where |m) is the projection of |z) into the m-sector. This immediately leads to the expectation:

(m + 1|e?txxz X e=tHxxz|m)  cos(AE - t),

: . 7
<m + 1|ethxxz Y e—thxe ‘m> ~ Sin(AE . t),
where AF is the relative energy difference between two adjacent m-sectors.To determine AFE, we compute the left side of
Eq. 27 by time evolving |m) and |m + 1) with the Krylov subspace method and then fit the data to sinusoid oscillations. We
note these oscillations are damped in principle (reflecting the linear growth of Vary[Y'|Z]), but this is neglible in our fits. We
then extract y by fitting AE = (2m + 1)x.
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