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We explore a deep connection between fracton order and product codes. In particular, we propose
and analyze conditions on classical seed codes which lead to fracton order in the resulting quantum
product codes. Depending on the properties of the input codes, product codes can realize either
Type-I or Type-II fracton models, in both nonlocal and local constructions. For the nonlocal
case, we show that a recently proposed model of lineons on an irregular graph can be obtained
as a hypergraph product code. Interestingly, constrained mobility in this model arises only from
glassiness associated with the graph. For the local case, we introduce a novel type of classical LDPC
code defined on a planar aperiodic tiling. By considering the specific example of the pinwheel tiling,
we demonstrate the systematic construction of local Type-I and Type-II fracton models as product
codes. Our work establishes product codes as a natural setting for exploring fracton order.

Recent years have seen ideas and techniques from
quantum information drive new developments in many
areas of physics. Among these are new insights around an
old problem in statistical mechanics, namely, the physics
of glassiness. Exotic models with glassy phenomenol-
ogy typify both the emerging field of fracton topologi-
cal order [1–12] as well as breakthrough developments of
asymptotically good quantum low-density parity check
(LDPC) codes implemented in non-local stabilizer Hamil-
tonians [13–15].

At first glance, these two topics seem rather dis-
tinct. On the one hand, fracton phases of matter con-
stitute a fascinating counterexample to the lore of solid
state physics by reproducing glassy dynamics within lo-
cal models exhibiting translation invariance [1]. Features
distinguishing such phases from both symmetry breaking
and conventional topological order include: (i) ground-
state degeneracy in finite systems that depends nontriv-
ially on the volume, and (ii) low-energy excitations with
constrained or no mobility. Instances with constrained
mobility are referred to as Type-I fracton models, and
those with no mobility as Type-II fracton models [2–5].

On the other hand, quantum LDPC codes represent a
promising type of quantum error correction that can be
defined via a stabilizer Hamiltonian H =

∑
j Πj , where

each term Πj has bounded norm and acts on a constant
number of qubits, and each qubit participates in only
a constant number of terms. A systematic approach to
generating such codes is the family of product construc-
tions, which take as input multiple classical LDPC codes
and output a quantum LDPC code [13, 19, 20]. The
canonical example is the hypergraph product (HGP), a
prescription for generating a CSS quantum code from a
pair of classical codes [21]. Crucially, product codes al-
low analytic calculation of the resulting code parameters
including the encoding rate (the number of logical qubits
per physical qubit) and the code distance (the minimal
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FIG. 1. (a) The schematic depicts set inclusions for mod-
els representable by either product codes or the polynomial
formalism [16]. Explicit product code constructions of cer-
tain models are provided in the supplementary material [17].
(b,c) Classical Tanner graphs are shown, with bits represented
by blue circles and checks by red squares. The HGP is rep-
resented graphically: in (b), a surface code is found as the
HGP of two repetition codes, and in (c), the anisotropic Z2

Laplacian model [18] is obtained from a repetition code and
a Laplacian code.

number of errors required to connect logical states).

Despite their different contexts, these topics are con-
nected by certain individual results: for instance, Haah’s
code, a Type-II fracton model, can be obtained via a gen-
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eralization of the HGP known as the lifted product [14,
20]. One can also use classical codes to construct quan-
tum “fractal spin liquids” [3], based on the polynomial
formalism for translation invariant codes [16] (Fig. 1).

More broadly, an interesting observation suggests a
fundamental connection between fracton order and HGP
codes. To see this, we note that, for gapped phases of
matter, the logarithm of the ground-state degeneracy de-
termines the number of qubits that could in principle be
encoded in the ground space. In conventional phases,
this effective qubit number is independent of system size.
This scaling is evidently incompatible with the number of
logical qubits in typical HGP codes, which is polynomial
in the system size. By contrast, such polynomial scal-
ing is reminiscent of precisely the nontrivial dependence
of the ground-state degeneracy on system size in frac-
ton phases. Despite this tantalizing connection, a sharp
understanding of the relationship between fracton order
and product codes remains lacking.

In this Letter, we provide such a framework, and
demonstrate that product codes provide a natural setting
for discovering new fracton phases of matter (Fig. 1). Our
main results are threefold. First, we extend the definition
of fracton order to stabilizer models without translation
invariance or geometric locality. Based on this definition,
we propose a set of criteria on the input classical codes
of a product construction. When satisfied, the resulting
quantum LDPC code realizes a nonlocal fracton phase.
Second, we show that a recent model, purported to ex-
hibit Type-I fracton order on an irregular graph, can be
obtained as a hypergraph product code. Interestingly,
while this particular case does not, in fact, constitute
a fracton model, a generalized construction (utilizing a
typical LDPC input code) does.

Finally, we consider geometrically local product con-
structions, introducing a new family of classical LDPC
codes defined on aperiodic tilings of the plane. Specif-
ically, we consider a local two-dimensional code on the
pinwheel tiling (Fig. 3), which we term the pinwheel code.
We show that the HGP of the pinwheel code with a repe-
tition code produces a local Type-I fracton model in three
dimensions, and that the HGP of two pinwheel codes pro-
duces a local Type-II fracton model in four dimensions.
These results open the door to the systematic discovery of
new local fracton models using product codes. Somewhat
intriguingly, the resulting models also exhibit evidence of
a feature known as confinement (see discussions below), a
favorable property of certain error correcting codes that
is violated in most known fracton models [22, 23].

Hypergraph product codes.—A classical LDPC code on
n bits with m terms is represented by a κ-sparse m × n
parity check matrix H with elements in F2 = {0, 1}.
It is characterized by a triplet [n, k, d], where k is the
number of encoded logical bits and d is the code dis-
tance [24]. The number of bits participating in each check
is bounded above by a constant κc, and the number of

checks acting on any given bit is bounded by κb; then
κ = max(κb, κc) = O(1). Typical instances of LDPC
codes are obtained by randomly sampling parity check
matrices H [17].
Similarly, a CSS quantum code is represented by two

parity check matricesHX andHZ specifying the action of
the X and Z stabilizers, respectively [25, 26]. Both clas-
sical and quantum parity check matrices are maps taking
a configuration of errors, represented by a n-dimensional
vector over F2, to a syndrome or excitation, represented
by an m-dimensional vector over F2.
The hypergraph product (HGP) acts on a pair of clas-

sical “seed” codes, producing a CSS quantum code which
is LDPC if the inputs are LDPC [21]. The quantum code
resulting from the HGP of classical seed codes H1 (with
n1 bits and m1 checks) and H2 (with n2 bits and m2

checks) is given by:

HX =
[
H1 ⊗ In2 Im1 ⊗H⊤

2

]
,

HZ =
[
In1 ⊗H2 H⊤

1 ⊗ Im2

]
,

(1)

with I being the identity matrix. Classical seed codes
with parameters [n1, k1, d1] and [n2, k2, d2] produce a
quantum code with parameters [[nq, kq, dq]], where [21]

nq = n1n2 +m1m2 ,

kq = k1k2 + k⊤1 k
⊤
2 ,

k⊤X = k⊤1 k2 , k
⊤
Z = k1k

⊤
2 ,

dq = min(d1, d2, d
⊤
1 , d

⊤
2 ) .

(2)

Here, k⊤i and d⊤i denote the parameters of the trans-
posed (or dual) code, with parity check matrix H⊤

i . The
number of superselection sectors in the quantum code is

given by 2k
⊤
X+k⊤

Z [17]. The prototypical example of a hy-
pergraph product is the toric code, obtained from two
cyclic repetition codes having k1 = k⊤1 = k2 = k⊤2 = 1
and d1 = n1, d2 = n2 [21].

As shown in Fig. 1(b), the HGP admits an intuitive
graphical representation based on the Tanner graph; a
bipartite Tanner graph describes any classical code by
representing both checks and bits as vertices, with edges
denoting the connectivity of the terms in H [27].

Fracton order in nonlocal product codes.—Product con-
structions of stabilizer codes generically do not feature
spatial symmetry or geometric locality; to connect to con-
ventional fracton models [11, 12] and the local codes that
we discuss later, we begin by providing a concrete defini-
tion of nonlocal fracton order. In particular, to ensure a
well-defined thermodynamic limit, we sample from a ran-
dom ensemble specifying a family of codes with connected
Tanner graphs as nq → ∞ [28]. Such a family is said to
host fractons if: the logarithm of the ground state degen-
eracy scales polynomially in the system size [29]; and ex-
citations are pointlike [30] and have constrained mobility
due to superselection sectors which also scale polynomi-
ally in the system size. An additional requirement in the
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case of nonlocal Type-II fractons is “confinement” [23],
a natural consequence of nonlocality that implies the ab-
sence of string-like operators [31]. The essence of confine-
ment is that for sparse error patterns, additional errors
always increase the number of syndromes.

Product constructions provide the opportunity to rea-
son about quantum codes through investigation of their
classical seeds. We propose three criteria for the classical
seed codes that lead to nonlocal fracton order in the re-
sulting HGP code: (i) rank deficiency, (ii) confinement,
and (iii) isolability.

Rank deficiency refers to a property of the parity
check matrix H. Since codewords are zero eigenvec-
tors, a rank-deficient H implies a large code space, with
k = n− rank(H). A rank-deficient seed code gives rise to
superselection sectors in the resulting quantum code. A
superselection sector is an equivalence class of syndromes
under local errors; as the number of sectors grows, a di-
minishing number of excitation configurations may be
dynamically connected by any physical process. This
constitutes a strong mechanism for immobility, and is
central to both local and nonlocal fracton models [32].

Intuitively, such an effect can be compared to the role
of superselection sectors in, for example, the toric code,
where they are labeled by elements of the anyon the-
ory [33, 34]. Both cases identify dynamically discon-
nected excitation patterns; the difference is that topo-
logically ordered phases like the toric code support only
finitely many superselection sectors, whereas in an HGP
code based on a rank-deficient seed code, the number of
superselection sectors grows with the system size.

Another source of immobility is confinement, a prop-
erty related to glassiness which is studied in both classi-
cal and quantum codes [22, 23]. A typical classical LDPC
code is linearly confining with high probability, as non-
local checks lead individual errors to produce roughly κb
excitations. Except in special cases [3], if both seed codes
are confining, then so is the resulting quantum code.

An example of a classical seed code satisfying the prior
conditions is the nonlocal Ising model; however the HGP
of two such codes is not a fracton model. This is a conse-
quence of supporting only excitations which are extended
objects [22], however, and is special within the space of
nonlocal codes. In order to exclude these cases, we im-
pose an isolation condition requiring an individual exci-
tation to be point-like; that is, it can be separated from
other excitations with high probability.

Isolability is a natural feature of nonlocal codes, as a
simple probabilistic argument demonstrates [17]. This
can be seen as a consequence of the unlikelihood of an
“Ising subgraph”: a set of bits on the Tanner graph
whose neighboring checks are all two-valent. Such an
Ising subgraph contains a set of local symmetries con-
straining excitations to be extended domain walls, and
thus not isolable [35]. Crucially, typical LDPC codes
with κc > 2 are isolable, as the likelihood of large Ising

n=500

Laplacian code
typical LDPC code

n=300

(a) (b)

FIG. 2. (a) Rank deficiency is exhibited for typical classical
LDPC codes, from the linear scaling of k with n; by contrast,
the number of logical bits in a Laplacian code is on average
bounded. (b) Confinement data is shown for both typical
LDPC codes (blue) and Laplacian codes (red), on systems of
n = 300 and 500 bits. Pictured is the minimum syndrome
weight observed for randomly-sampled error configurations.
Both constructions display evidence of confinement, as ex-
pected for nonlocal codes.

subgraphs is exponentially suppressed. As was the case
with confinement, a HGP code inherits isolability only if
this condition is satisfied in both seed codes.
Nonlocal Type-I fractons in HGP codes.—We consider

hypergraph product codes, in which one classical seed
is a cyclic repetition code and the other is either: case
(i), a Laplacian code; or case (ii), a typical LDPC code
(see [17] for details of each). This is motivated by a re-
cently proposed stabilizer model for Type-I fracton order
called the “anisotropic Z2 Laplacian model” [36]. While
this model was originally derived from a series of results
on dipole-conserving tensor gauge theories [18, 37, 38],
it turns out to be precisely described by case (i) above
[Fig. 1(c)] [17].
The parity check matrix of the classical Laplacian code

used in case (i) is given by the reduction mod 2 of the
Laplacian operator of a graph [39]. To study its rank
deficiency, we find the number of encoded logical bits k
as a function of system size n. For each system size, we
average over ∼ 103 random graphs, showing the results
in Fig. 2(a). It is immediately evident that the Laplacian
code on a general sparse graph does not exhibit evidence
of rank deficiency. As a consequence, the resulting quan-
tum code does not support fracton order.
This is in apparent contrast with results on the square

lattice [36], but can be understood from the perspective
of the seed code. Indeed, typical LDPC codes used in
case (ii) are chosen with an imbalance between bits and
checks leading to k = O(n) rank deficiency, as shown in
Fig. 2(a). Because the parity check matrix of the Lapla-
cian code is square, it is very likely to be nearly full rank.
The square lattice is thus a special case, and exact results
can in fact illuminate how translation invariance leads to
rank deficiency in the Laplacian code [17].
In contrast, we find that confinement is a feature of

both typical LDPC and Laplacian codes. We compute
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FIG. 3. (a) The pinwheel tiling substitution rule, taking one
triangle to five, is shown. The graphs considered here are gen-
erated from two base tiles. (b,c) Graphs GN at generations
N = 3, 4 are shown for the pinwheel tiling on a rectangular
region. Each vertex hosts both a bit and a check, except for
a fraction of boundary sites, whose checks are removed. The
lowest-weight codeword is indicated in red for each. (d) The
scaling of the number of logical bits k ∼ √

n as well as the
distance d ∼ n are shown for the pinwheel code, for several
values p = 7, 11, 15. Distances shown are exact, with the
exception of the largest value having k = 65, for which an
upper bound is shown. (e) The minimum syndrome weight
over sampled errors at N = 5 provides numerical evidence for
confinement in this local model. For low-weight errors, all er-
ror configurations are considered within balls of fixed radius
centered on randomly sampled vertices. For high-weight er-
rors, local truncations of logical operators illustrate the naive
square-root upper bound. Though not exhaustive, such sam-
pling can diagnose lack of confinement in practice [17].

the minimum density |s|/m of excitations induced by
∼ 103 randomly sampled error configurations at each
sparsity |e|/n. The monotonic growth illustrated in
Fig. 2(b) suggests that both typical LDPC and Lapla-
cian codes are confining. Finally, we observe that both
typical LDPC and Laplacian codes are isolable due to
the suppression of Ising subgraphs by taking κ > 2 [17].

Thus, we conclude that typical LDPC codes are rank-
deficient, confining, and isolable, whereas Laplacian
codes on general graphs are merely confining and isolable.
Because the cyclic repetition code is also isolable, our
case (ii) HGP code indeed realizes Type-I fractons. How-

ever, rather than fractons, the case (i) HGP construction
instead hosts partially confined point-like excitations in
a phase akin to nonlocal topological order.
Local fracton models from aperiodic codes.— Though

the stabilizer models discussed so far are only κ-local, it
is natural to ask whether geometrically local HGP codes
realize local fracton order. Whereas one well-known route
to locality is to define a Tanner graph on a negatively
curved manifold, which can embed expanders [40], we
instead take a Euclidean approach by placing both bits
and checks on the vertices of a two-dimensional aperiodic
tiling.
As a specific example, we consider the pinwheel tiling,

which has no exact spatial symmetries [41–44]. This
tiling is specified by a substitution rule [Fig. 3(a)] gen-
erating a family of graphs {GN}, N = 1, 2, . . ., whose
volume scales as n ∼ eN [see Fig. 3(b,c)]. We define par-
ity check matrices HN based on the graph Laplacian LN

at generation N [39]. We first compute H̃N = (LN − I)
mod 2, where I is the n × n identity matrix. Then HN

is obtained via a “boundary depletion” of checks, trun-
cating the column space of H̃N by removing an evenly
spaced fraction 1/p of checks on the boundary vertices
of GN . We dub this the pinwheel code, within a more
general class of aperiodic codes.
At issue are thus the rank deficiency and confinement

of the pinwheel code; isolability is guaranteed, as the
connectivity of bits and checks ranges between three and
nine for all generations. As shown in Fig. 3(d), this fam-
ily exhibits k ≈ √

n/p and is thus rank deficient, with
the parameter p tuning the number of logical bits [45].
Interestingly, although the depletion of checks relative to
bits is a boundary effect, this does not imply that logical
bits are localized on the boundary [17]. Indeed, we find
that this is not the case, measuring a code distance that
scales linearly with n, as shown in Fig. 3(d). The pin-
wheel code introduced here thus saturates the classical
BPT bound k

√
d = O(n) [46].

In contrast to typical LDPC codes, a D-dimensional
local code cannot exhibit linear confinement. An upper
bound is realized by the Ising model, wherein domain
walls have polynomial energy cost with exponent D−1

D ;
more generally, in any local code, a codeword can be
truncated within a D-ball at the cost of only a (D − 1)-
dimensional boundary syndrome. Such scaling is exhib-
ited in the limit of large error weights in Fig. 3(e), and
indeed follows a power law with exponent 1/2. Though
sampling is not guaranteed to capture the tails of the
distribution, it is sufficiently thorough to distinguish the
present cases from the Laplacian code on the square lat-
tice, which, though rank deficient, is not confining [17].
We thus conjecture that the pinwheel code is confining,
and saturates the upper bound.
Having demonstrated rank deficiency, confinement,

and isolability, we now consider producing local fracton
models via the hypergraph product of pinwheel codes.



5

First, taking as inputs a pinwheel code and a cyclic rep-
etition code yields a local Type-I fracton model in three
dimensions. This code exhibits translation invariance
only in the out-of-plane direction (i.e., perpendicular to
the tiling). Second, taking the seed codes to be two in-
stances of pinwheel codes yields a local Type-II fracton

model in four dimensions, with parameters kq ∼ n
1/4
q ,

dq ∼ √
nq [47]. We therefore largely capture the physics

associated with the typical LDPC code [case (ii)] with-
out having to appeal to nonlocal interactions or disorder.
We conjecture that, similar to the four-dimensional Ising
model, the Type-II pinwheel stabilizer model is confining
without disorder, but, crucially, achieves this for point-
like rather than extended excitations.

Discussion and conclusion.— From the perspective of
the present work, the study of quantum glassiness leading
to fracton order can be understood as an exchange of
confinement for superselection, each of which provides a
complementary approach to constraining mobility [32].
Here, we consider neither to be fundamentally classical
or quantum, and instead characterize both as aspects of
quantum product codes.

Looking forward, our work opens the door to a number
of intriguing directions. First, more sophisticated prod-
uct codes include the lifted and balanced products, and
achieve a dimensional reduction by making use of lattice
symmetries of the seed codes [13, 19, 20]. It is not im-
mediately evident how to extend such an operation to
aperiodic codes; however, this could in principle reduce
a code similar to our local Type-II model to three di-
mensions, which could be compared to other recent con-
structions [48]. Second, it would be interesting to char-
acterize the conditions on aperiodic tilings that lead to
local Type-II fractons, and whether such tilings all flow
to the same fixed point under entanglement renormaliza-
tion [49–52]. One possible avenue is an understanding in
terms of condensation of certain topological lattice de-
fects [53]. Finally, it would be useful to quantitatively
investigate the spin-glass contribution to immobility and
the energy barrier in product code fracton models.
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Supplemental material: Fracton models from product codes
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I. CONDITIONS FOR FRACTONS IN PRODUCT CODES

A. Rank deficiency

1. Rank deficiency in generic Tanner graphs

Consider a classical code specified by a Tanner graph with n bit nodes and m check nodes. Denoting the bit and
check vector spaces over F2 as Vb and Vc, respectively, the parity check matrix H : Vb → Vc is a map taking error
configurations e ∈ Vb to syndromes s ∈ Vc. One can define a classical Hamiltonian Hcl = −∑m

i=1Hi, where i is
the row index of the parity check matrix; that is, the Hi are the checks. Ground states of Hcl form the preimage of
the zero-syndrome configuration svac = 0 ∈ Vc. Assuming no syndrome measurement error, a physical error channel
produces only syndromes of the form svac +H · e for some error configuration e ∈ Vb.

If m > n the parity check matrix is not full-rank and img(H) ⊆ Vc is strict, meaning that syndrome configura-
tions exist which are not connected to physical ground states. The quotient Vc/ img(H) contains such “unphysical”
syndromes in the classical code, and the codimension k⊤ = m − rank(H) counts the cosets. But this is nothing but
the number of logical bits in the transpose (or dual) code H⊤. This relationship between unphysical syndromes and
logical bits is a feature of the duality of classical codes.

2. From rank deficiency to superselection sectors

In a stabilizer Hamiltonian, superselection sectors are equivalence classes of simple or composite excitations. In-
tuitively, they describe what remains within a region after a process in which particles maximally annihilate each
other. In CSS quantum codes, X and Z stabilizers are treated using independent parity check matrices HX and HZ .
Consequently, superselection sectors can be labeled as either X or Z type, and the previous discussion of classical
parity check matrices can be applied. For a HGP code, the number of superselection sectors is given by [1]

k⊤X = k⊤1 k2 , k⊤Z = k1k
⊤
2 . (1)

In particular, the superselection sectors form a group Zk⊤
X

2 × Zk⊤
Z

2 . In the case of the toric code, k⊤X = k⊤Z = 1, and
the group is the anyon theory {1, e,m, ψ}. The more codewords the classical codes (or their duals) have, the larger
the number of superselection sectors in the quantum code. One can also see the connection of superselection sectors
to the number of logical qubits in HGP quantum codes (nq = n1n2 +m1m2):

kq = kX + kZ − nq = (mX − nq + k⊤X) + (mZ − nq + k⊤Z )− nq = k1k2 + k⊤1 k
⊤
2 . (2)

B. Confinement

We call a classical code confining if all error vectors e ∈ Vb with Hamming weight |e| ≤ g(n) satisfy f(|s|) ≥ |e|,
where s = H · e, for some increasing functions f and g [2]. Evidently g cannot grow faster than the code distance
d. This criterion is weaker than another standard usage of “confinement” [3]: for example, the signature of the
deconfined phase of a gauge theory is perimeter law scaling of Wilson loops, whereas a confined phase is characterized
by an area law [4]. Both of these cases would be considered confining under the present definition, with the area law
satisfying the stronger condition of linear confinement. In this language, stabilizer codes are not generically confining
on a lattice because they realize the pure gauge limit of such field theories, and away from this limit confinement is a
result of coupling to gapped matter fields [5]. There is a tradeoff between confinement and encoding properties: for
example, the trivial stabilizer code H = −∑

j Zj is linearly confining, but lacks logical qubits.
By contrast, a “no-strings” condition is inconvenient for characterizing nonlocal codes because it relies on additional

structure, including a separation of scales and thus a metric. Essentially, it stipulates that collections of excitations
within a finite region of characteristic length r cannot be moved a distance ℓ ≫ r by an O(ℓ) error. One concrete
such condition for a general LDPC code is as follows. We note that the Tanner graph becomes a metric space when
endowed with a distance function (which may be graph distance, for example, or arise from an underlying manifold).
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We say that the code contains no strings of length ℓ if for all error configurations ens(ℓ) ∈ Vb such that H ·ens = σ+σ′,
where σ, σ′ ∈ Vc satisfy the conditions below, it is the case that |ens(ℓ)| ≥ h(ℓ) for some super-linear polynomial h.
We place the following conditions on the syndromes σ and σ′:

1. nontrivial support only within an r-ball Br for some constant r;

2. no preimage ẽ, σ = H · ẽ, where |ẽ| is bounded by a constant;

additionally, the minimum distance between Br (corresponding to σ) and Br′ (corresponding to σ′) is ℓ.
Confinement implies no strings as defined above: evidently |H · ens| is bounded independent of ℓ, so |ens| is either

bounded, or grows faster than g(n). Both of these contradict the definition of a string operator.

C. Isolability

Isolability ensures that excitations are fundamentally pointlike, rather than comprising extended objects like the
domain walls of the Ising model in two or more dimensions. As the technique is to ensure that the distance between
excitations can be made large, a metric is required, for which we employ the graph distance. Consider an excitation
σ ∈ Vc which satisfies the same conditions described for the syndromes in the no-strings condition above. Denote by
Λ the subgraph consisting of all R-neighbors of Br, where |Λ| ≤ κR. The distance R = w(n) should be taken to be
some increasing function of n. Isolability requires that img(H) contains a vector σ + σ, where σ has support only on
the complement of Λ.

This condition can be understood in several limits: for instance, almost all random bipartite graphs without sparsity
conditions (i.e., not LDPC) have diameter bounded by 4, so are not candidates for isolability [6]. Conversely, a tree
Tanner graph exhibits R ∼ log n isolability. As a coarse measure of the naturalness of isolability for typical LDPC
codes, the dimension of the error space n can be compared to the number of free parameters in such an isolation
vector, namely m − κR. As m scales linearly with n, one naively expects R ∼ log n isolability, as in the case of the
tree. In fact, because the diameter of a random sparse graph is logarithmic in n with high probability, this scaling is
optimal [7].

FIG. 1. Lack of isolability is illustrated as a consequence of a local symmetry. Errors (denoted by black dots) preserve the
domain-wall nature of the excitation (denoted by crosses) by implementing simple deformations pulling the green surface
through a bit. This feature is not generic on Tanner graphs with κc > 2.

In the main text we identify a necessary condition for a Tanner graph to be isolable, namely the lack of “Ising sub-
graphs,” regions consisting entirely of checks of valence two. Within these features excitations manifest as deformable
domain walls surrounding regions of errors. This property is quite special, and arises from a local symmetry which
allows a domain wall to be pulled through a bit by applying an error, as illustrated in Fig. 1. There is a specific
type of local meta-check associated to each independent cycle within the Ising subgraph. (Consequently, cyclic or
tree-like Ising subgraphs which have only one or no associated meta-checks actually remain isolable. While these
have vanishing probability even compared to typical Ising subgraphs in a nonlocal code, in the local case, the Ising
model on a cycle—that is, a cyclic repetition code—does not spoil isolability.) Outside of Ising subgraphs, excitations
are no longer necessarily connected in describing such a boundary; that is, an excitation pattern can itself develop a
boundary and thus become disconnected, leading to isolability in the typical case.
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II. TYPE-I FRACTONS ON GRAPHS

In each of the following constructions, we probabilistically generate either connectivity graphs or Tanner graphs
which are used to underlie nonlocal codes. In each case we wish to sample fairly from sparse graphs, without biasing
toward any particular additional structure. One requirement we do impose, however, is that the resulting graphs
must be connected. This is in order to avoid trivial instances of quantum codes such as stacks of toric codes. We note
that a hypergraph product is connected iff its seed codes are connected.

A. Laplacian codes

The Laplacian matrix of an arbitrary undirected graph Γ with vertices {vi, . . . , vn} is given by L = D − A, where
D is a diagonal matrix whose element Dii is the degree of vertex vi; and A is the adjacency matrix, meaning that
Aij = 1 if an edge connects vi and vj and Aij = 0 otherwise [8]. The classical Laplacian code on a graph Γ has parity
check matrix given by the reduction mod 2 of the Laplacian: H = L mod 2. Each vertex vi then represents both
a bit and a check, and Γ provides the connectivity graph. The code obtained this way is symmetric (equivalently,
self-dual): H = H⊤, with diagonal elements being equal to the parity of the off-diagonal elements in each row or
column. Consequently each row and column sums to 0.

1. Configuration model

To construct an ensemble of typical Laplacian codes, we employ an algorithm called the configuration model which
generates random graphs with a given degree sequence D1, . . . ,Dn. This method is heavily employed in the LDPC
literature to generate randomized codes while allowing for convenient control of degrees of vertices [9–11]. We set
a constant upper bound Dhigh = 5, which guarantees the code we construct is LDPC; we also set a lower bound
Dlow = 3 to completely avoid Ising subgraphs. The resulting graph from the configuration model may contain contain
self-loops or parallel edges between the same pair of vertices; we discard these redundant connections. In the main
text an ensemble of 103 random graphs is generated following the above procedure, which constitutes a measure useful
for studying rank deficiency and confinement of Laplacian codes.

(a) (b)

FIG. 2. Configuration models are illustrated. (a) In the case of typical Laplacian codes, to construct random graphs with
bounded degree, one generates a sequence of nodes carrying a given number of “half-edges.” Half-edges from different nodes
are randomly paired to form a connected graph, with parallel edges and self-loops removed in the end. (b) In the case of typical
LDPC codes, the bipartite Tanner graph is constructed; here red squares represent check nodes and blue circles represent
variable nodes. Only half-edges carried by different species of nodes are paired. Assuming regularity, to ensure complete
pairing of half-edges, the number of check nodes m, the degree of check nodes Dcheck, the number of variable nodes n, and the
degree of variable nodes Dvariable, should satisfy mDcheck = nDvariable.

2. Rank of Laplacian codes

The rank of a graph Laplacian is given by the number of vertices, with the number of connected components
subtracted. If Γ is connected, the emergence of many logicals in the classical code is due to the reduction mod 2.
Specifically, k is the sum of the reduction mod 2 of the invariant factors of Γ [12]. A global spin flip always contributes
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(a) (b)

FIG. 3. Lack of confinement of the Laplacian code on the two-dimensional torus is shown. (a) The confinement test via biased
sampling over error configurations is performed for a 20×20 square lattice. Though we do not perform an exhaustive search at
each weight, we use information from the logical operators in order to suggest low-energy errors, and in this case this strategy
is sufficient to indicate the lack of scaling of the tails of the distribution, as arbitrarily large errors can have a syndrome weight
of four. (b) An example large error configuration having a syndrome of only weight four which was captured by the biased
sampling procedure is exhibited.

a single logical bit, regardless of the graph. The other encoded bits rely on the graph; for example, the Laplacian code
on a cycle graph Γ = Cn supports one additional logical bit with a Néel-type codeword for even n, but none for odd
n. The complete graph Γ = Kn has n− 2 additional logical bits if n is even and again none if n is odd. Because the
product of invariant factors is the number of spanning trees, the Laplacian code on a tree has only the single logical
bit.

Using the detailed results of Ref. [12] we can understand how translation invariance leads to an enhanced codespace
in the Laplacian code. Namely, rank deficiency requires that many of the invariant factors (over Z) of Γ be even.
These invariant factors are computed from the greatest common divisor of the determinants of certain minors of the
Laplacian matrix. On a graph without a high degree of structure, one may naively treat the determinants as random
integers; then the probability that the gcd of N of these is equal to 1 is 1

ζ(N ) (where ζ is the Riemann zeta function),

which very rapidly approaches unity for large N [13]. In other words, a degree of approximate translational symmetry
leading to correlations in the determinants of the minors of the Laplacian is necessary in order for the code to become
rank deficient. This evidently describes both the square lattice and the complete graph, two concrete instances for
which the code exhibits a large number of encoded bits.

3. Lack of confinement in Laplacian codes on regular lattices

In the Laplacian code on the two-dimensional square lattice, a checkerboard pattern of errors in a rectangular region
can generate excitations only at the corners, so has bounded syndrome weight of four. The Laplacian code is thus
not confining; indeed, it is not expected to be, as confinement is not natural on a regular lattice. We provide this
case as an example to justify the sampling procedure used in the main text to diagnose confinement in nonlocal and
local codes. Fig. 3 shows the result of the sampling for this case, in which the lower bound on syndrome weight is not
monotonically increasing but instead fixed.

In order to consider errors with low syndrome weight, we bias the sampling toward energetically favorable config-
urations by choosing local truncations of logical operators. That is, we choose errors by randomly selecting a base
point in the system and a codeword of minimal weight, then placing only errors which appear in the codeword and
are within some distance of the base point. While only a heuristic, this protocol does prove to be more effective at
finding low-weight errors than unbiased sampling. For example, if a system has string operators which are allowed to
attach to the boundaries, this protocol will identify truncated strings as low-weight errors, whereas random sampling
of error configurations is less likely to do so.



5

B. Typical LDPC codes

Generic LDPC codes differ from Laplacian codes in two significant ways. First, for generic LDPC codes it is
conventional to choose the number of bits n to be larger than the number of checks m. The parity check matrix
H thus represents an under-determined linear system with fewer constraints (checks) than variables (bits). Second,
generic LDPC codes admit only a more general Tanner graph representation, which is a bipartite graph composed of
two different species of nodes. In Fig. 2(b), one species of nodes represents checks, depicted as squares, and the other
species represents variable nodes, depicted as circles. Typical LDPC codes are again constructed using configuration
model, but with the constraint of being bipartite: each check node connects its half-edges only to the half-edges of
variable nodes, and vice versa.

The fact that typical LDPC codes are underdetermined linear systems conveniently introduces rank deficiency. In
particular, when constructing LDPC codes using configuration model, it is conventional to set the number of checks
m and number of variables n by setting the degree of checks Dcheck and variables Dvariable in the Tanner graph. For
the number of half-edges from check nodes and variable nodes to match, one must have mDcheck = nDvariable. This
way, any constant difference between the degrees of check and variable nodes will translate into a lower bound on
rank deficiency which is linear in n.

III. PRODUCT CODES FOR LOCAL FRACTONS

A. Conditions for classical seed codes

The construction of classical seed codes for fractons subject to geometric locality is more technical than the κ-local
case. Based on the preceding discussion, a natural first choice is the Laplacian code on the two-dimensional square
lattice. While this code is indeed rank deficient with periodic boundary conditions due to meta-checks—nontrivial
consistency conditions on the local terms—it also hosts associated string operators in the bulk. These strings are
precisely aligned with certain lattice vectors and are not deformable in the transverse direction (similar to the two-
dimensional Ising plaquette model [14]); nevertheless excitations observe constrained propagation without energy
penalty, so this code is suitable only for Type-I fractons.

There is thus a tension in this code between the objectives of rank deficiency and confinement: whereas meta-checks
are responsible for rank deficiency, they lead directly to string operators. The resolution explored here is to turn to
a different source of codewords, more in keeping with the nonlocal constructions above. Namely, we force logical
bits by introducing an imbalance between physical bits and checks, a quantity which lower bounds k. However, for
local interactions, this condition becomes rather delicate: the reason is the classical BPT bound k

√
d = O(n) for

local two-dimensional codes [15]. As a consequence, if the imbalance is linear in n—arising, say, from some average
depletion of checks in the system—then the code distance is necessarily bounded by a constant.

B. Aperiodic codes

To accommodate the classical BPT bound we thus introduce open boundary conditions and delete checks associated
with vertices on the edge. This scheme of boundary depletion ensures that an imbalance develops between the number
of bits and checks which scales to leading order as

√
n. If local meta-checks do not appear in the bulk of the system

which additionally contribute to k a term linear in n, then the code distance may scale up to linearly with the volume.
It is thus desirable that the bulk of a code does not support meta-checks, which are intuitively a result of spatial

symmetries (see also Sec. II A 2). A natural set of candidates is graphs defined by aperiodic tilings. While these
include quasicrystals, this subclass retains discrete rotational symmetry about certain points in the lattice, which can
in principle lead to meta-checks causing string operators or finite logicals. We instead choose to work with the specific
example of the “pinwheel” tiling, which has no discrete translation invariance [16–18] as well as statistical circular
symmetry [19]. The substitution rule defining this tiling, which takes one triangular face to five, naturally generates
a family of planar graphs {GN} of exponentially increasing size with N , starting from an initial collection of base
tiles [20].

In order to ensure bulk self-duality of the pinwheel code, we place both bits and checks on the vertices of a graph
GN . The parity check matrix is based on the graph Laplacian LN [8], but with diagonal elements satisfying odd

parity: H̃N = LN − I, so that each row and column of H̃N sums to 1. This choice introduces frustration in the sense
of preventing codewords arising from global (or large-scale coherent) spin flips, which appear in the code space of
both the Ising model and the Laplacian code on a general graph. The parity check matrix HN of the pinwheel code
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is obtained by boundary depletion of checks in H̃N , ensuring a square-root lower bound on k as a function of the
volume.

Although the construction does not guarantee either linear scaling of the code distance or confinement, we find
evidence for both, as described in the main text. In principle boundaries must be chosen in such a way as to
prevent short edge logicals; nevertheless we find that under the naive prescription of spacing depletion sites evenly
and sufficiently far apart along the rectangular edge, we do not typically observe these. In contrast, confinement is
a property of the bulk and is very difficult to study numerically. However, the procedure employed here of locally
truncating low-weight logicals is sufficient to identify violations of confinement in many classical and quantum models
including the Laplacian code (see Sec. II A 3), the toric code, and Haah’s code. Intuitively, a code’s lowest-weight
logical operators may be expected to correspond to confinement-violating bulk errors which are allowed to “condense”
on the system boundaries. The observation that the pinwheel code distance scales linearly with the volume thus at
least allows the possibility of a confining bulk.

IV. RELATIONSHIPS BETWEEN FRACTON MODELS AND PRODUCT CODES

A. From polynomial formalism to parity check formalism

The polynomial formalism or stabilizer map is a convenient way to study quantum codes by applying algebraic
techniques [21]. It is descended from an analogous framework applied to classical codes [22, 23]. We briefly review
the translation from polynomials to the parity check formalism, which is used throughout our work for both classical
and quantum codes. A polynomial f(x) ∈ F2[x], x = (x0, x1, . . . , xD) is in one-to-one correspondence with an LD-
length protograph λf having symmetry (CL)

D, under the usual map [24]. The parity check matrix of a code based
on such protographs has elements taken from the ring of circulants. One obtains the F2-valued parity check matrix
straightforwardly by expanding the protographs in the matrix representation. The value of this representation lies in
the bijection between polynomials and circulants, which establishes the natural connection to the lifted product (LP)
construction [24].

B. Product code constructions of known fracton models

In this section we provide a case-by-case examination of correspondences between fractons and product codes.
Interestingly, both cubic codes [25] and fractal spin liquids [26] as well as the X-cube model, a canonical Type-I
fracton code [14], are contained in the intersection of the polynomial formalism and product codes. Neither of these
is strictly more expressive than the other; for example, while the polynomial formalism captures non-CSS models,
product codes need not exhibit lattice translation symmetry.

1. Cubic codes/fractal spin liquids

Two prototypical classes of stabilizer models hosting fractons are cubic codes and fractal spin liquids, both of which
are defined on the 3D cubic lattice [25, 26]. The canonical example of each is Haah’s code, a Type-II fracton model,
though these codes describe other types of order as well. We review the construction of Haah’s code as a lifted product
of classical codes [24, 27]. The generating maps for (the CSS instances of) such codes take the form

σ =




f 0
g 0
0 g
0 f


 . (3)

This stabilizer map σ describes a CSS code having a single X-type stabilizer and a single Z-type stabilizer on a cubic
lattice with two qubits per site. That is, the parity check matrices are HX =

[
λf λg

]
and HZ =

[
λg λf

]
, where λf

and λg are (CL)
3 protographs defined by the polynomials f and g, respectively, and λf = λ⊤f . For example, Haah’s

code is given by f = 1 + x+ y + z and g = 1 + xy + yz + xz [25].
The LP of two protograph-valued classical parity check matrices H1 of dimension m1 × n1 and H2 of dimension

m2 × n2 is given by [24]

HX =
[
H1 ⊠ In2 Im1 ⊠H⊤

2

]
,

HZ =
[
In1

⊠H2 H⊤
1 ⊠ Im2

]
.

(4)
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At the level of the notation this is identical to the HGP code; the difference arises from applying the addition and
multiplication operations of the ring of circulants rather than using the F2-valued parity check matrices [24]. The
example of Eq. (3) is particularly simple, with H1 = [λf ] and H2 = [λg]. The LP code thus acts on L3(n1n2+m1m2) =
2L3 qubits, as expected.

For comparison, in the HGP code, qubits are defined on the Cartesian product of the coordinates: that is, ĩ ≡
(i1, i2), j̃ ≡ (j1, j2), and k̃ ≡ (k1, k2), each parameterizing a 2D Euclidean plane. The complete coordinate system

(̃i, j̃, k̃) ≡ (i1, i2, j1, j2, k1, k2) is a six-dimensional Euclidean space, in which the HGP code is local. In contrast, the

LP code reduces the coordinate ĩ → (i1 + i2) mod L and similarly for j̃ and k̃, maintaining locality while reducing
the number of qubits by a factor of L3, the order of the symmetry group.

2. X-cube model

Another canonical instance of fracton order is the X-cube model, which is Type I, realizing lineons and planons
[14]. The generating map of this model is

σX-cube =




gh 0 0
fh 0 0
fg 0 0
0 f 0
0 g g
0 0 h



, (5)

where f = 1 + x, g = 1 + y, and h = 1 + z. That is, HX =
[
λgh λfh λfg

]
and HZ =

[
λf λg 0
0 λg λh

]
. This model

generalizes the prior example of Haah’s code in several ways. First, there are two independent types of Z-type
stabilizer and only a single X-type stabilizer, the eponymous X-cube; in addition, the unit cell contains three qubits.

The latter observation suggests that the X-cube model is most naturally obtained as a threefold product code.
For such generalized products, it is convenient to employ the language of homology. Recalling that codewords are 0

eigenstates of the parity check matrix, a classical code can be thought of as a chain complex C1 ∂1−→ C0, whose 1-chains
are its parity checks and 0-cycles are codewords; thus ∂1 = H⊤. A quantum CSS code is similarly represented as

C2 ∂2−→ C1 ∂1−→ C0, where now C2 is the group of Z stabilizers, C1 the codewords, and C0 the X stabilizers. Accordingly,
∂2 = H⊤

Z and ∂1 = HX . These evidently satisfy the boundary map property ∂2∂1 = 0 by the definition of a stabilizer
code.

Up to transposes—the natural duality mapping for classical codes—the hypergraph product is seen to be the tensor
product of chain complexes associated with the seed codes. This generalizes to homological product codes obtained by
the multifold tensor product of chain complexes [28]. The longer chain complexes obtained in this way feature meta-
checks which provide classical error correction for the syndrome measurement outcomes [2]. In order to construct the
X-cube model, we consider instead a particular multifold product which is not the tensor product of chain complexes:

given inputs {C1
1

∂1−→ C1
0 , C2

1
∂2−→ C2

0 , C3
1

∂3−→ C3
0} with ∂1 = H⊤

1 , ∂2 = H⊤
2 , and ∂3 = H⊤

3 , we write a 2-complex

Cq
2

∂q
2−→ Cq

1

∂q
1−→ Cq

0 , whose boundary maps are defined as

∂q2 =



H⊤

1 ⊗ I2 ⊗ I3 H⊤
1 ⊗ I2 ⊗ I3 0

I1 ⊗H⊤
2 ⊗ I3 0 I1 ⊗H⊤

2 ⊗ I3
0 I1 ⊗ I2 ⊗H⊤

3 I1 ⊗ I2 ⊗H⊤
3


 ,

∂q1 =
[
I1 ⊗H⊤

2 ⊗H⊤
3 H⊤

1 ⊗ I2 ⊗H⊤
3 H⊤

1 ⊗H⊤
2 ⊗ I3

]
.

(6)

In fact, similar boundary maps have been discussed in the setting of the X-cube model, but in a different context [29].
The vector spaces over F2 are

Cq
2 = (C1

1 ⊗ C2
1 ⊗ C3

1)⊕ (C1
1 ⊗ C2

1 ⊗ C3
1)⊕ (C1

1 ⊗ C2
1 ⊗ C3

1) ,

Cq
1 = (C1

0 ⊗ C2
1 ⊗ C3

1)⊕ (C1
1 ⊗ C2

0 ⊗ C3
1)⊕ (C1

1 ⊗ C2
1 ⊗ C3

0) ,

Cq
0 = C1

0 ⊗ C2
0 ⊗ C3

0 .

(7)

This definition of a threefold product code obtains the X-cube model as ∂q2 = H⊤
Z and ∂q1 = HX when H1 = [λf ],

H2 = [λg], H3 = [λh], each defined on a cycle CL. Evidently the correct number of qubits nq = 3L3 arises without
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performing any symmetry reduction; that is, we attach a different label {x, y, z} to each cycle and do not identify
these between the input codes. In this way the model is found to be essentially a threefold generalization of the HGP
code—though such a definition is not unique—and is thus distinguished from the more sophisticated LP construction
required for Haah’s code. Moreover, we reproduce that the X-cube model does not have meta-checks, in contrast with,
e.g., the three-dimensional toric code, obtained as the standard homological product of the same classical seeds [2].
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